cients appearing in some member of IF are divisible by the same prime/), then any ring of characteristic p is trivially an F-ring. To avoid this situation, we make the assumption that every member of F has the integer 1 for at least one of its coefficients.
Let / be a polynomial in (noncommuting) indeterminates xx, x2,..., xn with integer coefficients. We denote by/the linear polynomial obtained from/by the usual "linearization" process [10, p. 224] , and [11, Lemma 2] . That is, if/is nonlinear in xx, say of degree d>\, define (1) My, z, x2, ...,xn) =f(y+z, x2,.. .,xn)-f(y, x2,. ..,xn)-f(z, x2,. ..,xn).
fx is then a polynomial in n+ 1 indeterminates and of degree d-1 in both y and z. This process leads to a sequence of polynomials f=f0,fx,.. .,fk-f, in which each / is obtained by "linearizing"/t-i ¡n some indeterminate by the process (1) . For a given set F of polynomials let F = {f \ fe F}. Lemma 
(i) Every F+-ring is an F-ring.
(ii) Every F-ring of characteristic 0 is an F+-ring (and hence an F-ring).
Proof, (i) follows easily from the "linearization" process. Let R be an #-ring of characteristic 0 and S a finitely generated additive subgroup of R. There exists / in F such that / vanishes on the generators of 5 and hence on S. Inductively, suppose that in the sequence /=/0,/i, • ■ .,/=/ obtained by "linearization" of fifi vanishes on S, where 0<i^k.
If/_i is a polynomial in r indeterminates xx,..., xr, then without loss of generality, for some indeterminate xr + x, Ji(Xx, . . ., Xr, Xr + i) = Ji-i(Xx, ..., xr + xT + x)-ji-X(Xx, ..., xr)-fi-x(xx,..., xr + x).
Let ax,..., a, be any r elements in S. Then 0 = f(ax, ...,ar, ar) = f,-t(ax,..., 2ar)-2fi-1(ax, ...,ar) = (2i-2)f_1(ax,...,ar), where d> 1 is the degree off _ x inxr. Since char (R) = 0, we have/ _ x(ax,.. ,,aT) -0; thus / _ ! vanishes on S. This proves inductively that / vanishes on S.
Lemma 2. Suppose every semisimple F-ring is commutative. If A is an algebra over afield F and satisfies any of the following conditions, then C(A) is nil: (i) A is an F-ring with F finite; (ii) A is an F-ring with F linear; (iii) A is an F+-ring and char (A) = 0. where the qt are integers, the ah bh rt, sit x¡, yt are in ¿, and z, = [x,, yt]. Let ¿0 be the subalgebra of A generated by all at, ¿>¡, r,, s¡, x¡, y¡. If (i) holds, then ¿0 is a finitely generated algebra satisfying a polynomial identity, and hence /(¿0) is a nil ideal [1] . But AJJ(A0) is a semisimple ^"-ring and hence commutative by hypothesis. Thus c ê C(A0)Ç:J(A0) which shows that c is nilpotent. In cases (ii) and (iii) let K be an uncountable extension field of L, and consider the tensor product algebra ¿0 <8>f K over K. If (ii) holds, then ¿0 <8>f K inherits the F-r'mg property. If (iii) holds, then ¿0 is an Jr+-ring and hence by (i) of Lemma 1 an #-ring. In this case ¿0 <8>f L is also an #-ring and by (ii) of Lemma 1, ¿o ®f K is an Jr+-ring. Thus if A satisfies one of conditions (ii) and (iii), then ¿o ®f K satisfies the same condition. Now ¿0 ®F K is a finitely generated algebra over an uncountable field and hence /(¿0 <8>f K) is nil [2] . But, just as in case (i), ¿o ®f KjJ(A0 ®f K) is a semisimple F-r'mg and hence commutative. Thus C(¿0 ®F K) is nil, whence so is C(A0) and since c e C(A0), c is nilpotent.
A special case (Lemma 3 below) of a lemma due to Amitsur (cf.
[6]) yields the results stated in Lemma 2 for arbitrary rings as well as for algebras over fields. Lemma 3 also appears in [8] . Suppose char (L) = 0, and let M={(x, n) \ xe R; n/0, an integer}. Given (xx, nx), (x2,n2) in M define (x1; «i)~(x2, n2) if and only if n2x1 = /i1x2. This defines an equivalence relation on M; let R* be the set of equivalence classes. Denote the equivalence class of (x, n) by [x, «]; in R* define addition and multiplication by R* is then a ring, in fact an algebra over the field of rational numbers. Also R can be embedded in R* by means of the isomorphism a -*■ [a, 1], a e R.
Lemma (Amitsur) . Let 3% be a class of rings, and suppose that for each R in 3% there is given a subset Q(R)^R. Suppose further that (i) for every R in & and every homomorphism d of R, Rd belongs to ai and Q(R)d^Q(R8);
(ii) Q(R) is nil for all R in M whose characteristic is either 0 or a prime.
Then Q(R) is nil for every R in 01.
Lemma 3. Let P be a property defined on rings such that (1) ifP(R) is true, then so is P(RjU)for every ideal U of R; (2) if char (R) = 0 and P(R) is true, then so is P(R*); (3) if A is an algebra over a field for which P(A) is true, then C(A) is nil.
Then for any ring R, ifP(R) is true, C(R) is nil.
Proof. Let 0t be the class of rings R with P(R) true and let Q(R) = C(R). Then (i) of Amitsur's lemma clearly holds (using (1)). Thus it is only necessary to check Amitsur's condition (ii). In characteristic 0, P(R) gives P(R*) by (2), and hence C(R*) is nil by (3), whence C(R), which is embedded in C(R*), is also nil. In characteristic/», of course R is already an algebra, and so C(R) is nil by (3).
Lemma 4. Suppose char (R)=0. Then (i) if R is an F-ring, so is R*; (ii) if R is an F+-ring, so is R*.
Proof. Suppose first that R is an F-ring, and let 5* be a finite subset of R*. For each s* e S* choose one a e R for which there exists an integer «#0 such that s* = [a, n], and let S be the (finite) set of a's chosen. There exists fe F which vanishes on S. Suppose/is a polynomial in k indeterminates xx,..., xk, of degree d¡ in xt; choose any k elements [ax, nx],..., [ak, nk] Now suppose that R is an F+-ring, and let S* be a finitely generated additive subgroup of R*. Let T* be a (finite) set of generators of S*, and for each t* eT* choose one a e R for which there exists an integer n^O such that [a, n] = t*. Let T be the (finite) set of a's chosen, and let S be the additive subgroup of R generated by T. There exists fe F which vanishes on S. Suppose / is a polynomial in k indeterminates xx,... Proof. In cases (i) and (ii) let P be the property of being an F-ring. Clearly, (1) of Lemma 3 holds, Lemma 4 yields (2), and (3) follows from Lemma 2. In case (iii) we have that R* is an Jr+-ring which is also an algebra over a field so that [December from (iii) of Lemma 2 we see that C(R*) is nil. Since R is embedded in R*, C(R)^C(R*) is also nil.
At this point perhaps it should be mentioned that, although our main concern is with the commutator ideal C(R), most of the preceding results (in fact all except (i) of Lemma 2 and (i) of Theorem 1) go through for any ideal (or subset) Q(R) satisfying ß(L)ös Q(R6), Q(R)*^Q(R*), and Q(A) ® KÇ Q(A <g> K).
We now give several applications of the foregoing theorems. An unsolved problem in ring theory is the following: If the commutators in a ring are nilpotent, is the commutator ideal nil? The answer is known to be yes when the index of nilpotence is bounded [7, p. 29] , [14] . The next theorem, at least in the characteristic 0 case, gives a result which is intermediate to the bounded index case and the most general case.
Theorem 2. Suppose char (R) = 0. If for every finitely generated additive subgroup S of R there exists a positive integer n such that (xy -yx)n = 0 for all x, y in S, then C(R) is nil.
Proof. Let F be the set of polynomials (xy-yx)n («=1,2,...).
Then R is an "+-ring, and since it is known that every semisimple J^-ring is commutative, [12] . In [12] it is proved that every /v-ring with k and n independent of y has nil commutator ideal. The following gives an alternate proof of this result, and, in fact, a more general theorem. Theorem 3. Suppose that for every x e R and every finitely generated additive subgroup S of R there exist integers k = k(x, S) andn = n(x, S) such that ek(x, yn)=0 for every y e S. Then C(R) is nil.
Proof. Let F be the set of polynomials ek(x, yn) for all positive integers k and n, where x and y are indeterminates. We first show that R is an ^"+-ring. Let 5 be a finitely generated additive subgroup of R, and let T be a finite set of generators of S. For each aeT there exist integers k = k(a,S) and n = n(a,S) such that ek(a, bn) = 0 for every b e S. Let k = max {k(a, S) \ a e T}, n = J~[ {n(a, S)\ae T}.
Then ek(a, bn) = 0 for every generator aeT and every be S [12, Lemma 3] . But the polynomial ek(x, yn) is linear in x; hence, ek(a, bn) = 0 for all a, b e S. Therefore R is an Jr+-ring. Drazin has proved [6] that (A) every L-ring of prime characteristic has nil commutator ideal, (B) every semisimple L-ring is commutative. Upon taking ^ to be the class of F + -rings, we see from Amitsur's lemma that it suffices to consider only the cases of prime and zero characteristic. (A) above takes care of the former, while in the latter case, (iii) of Theorem 1 and (B) yield the desired conclusion.
We now prove two theorems, one having to do with the case in which F is linear and the other with that in which F is finite, which give necessary and sufficient conditions for every ^-ring to have nil commutator ideal. Theorem 4. Suppose F is linear. Then the following are equivalent: (i) every F-ring has nil commutator ideal; (ii) for every prime p the ring GF(p)2 of 2 by 2 matrices over GF(p) is not an F-ring.
Proof. If (i) holds and GF(p)2 is an J^-ring for some prime p, then GF(p)2 is a simple, nonnil, noncommutative ring whose commutator ideal is nil, an impossibility. Thus (i) implies (ii).
Assume (ii) holds, and let R be an J^-ring. Case I: R is a primitive ring. There exists a division ring A such that either RxAn for some positive integer n, or for each positive integer m there is a subring Sm of R and a homomorphism ¡f>m of Sm onto Am [10, p. 33] . If RgèA, then A2 inherits the property of being an J^-ring. This contradicts (ii) in case char (A) =p ^ 0, so assume char (A) = 0. Then A contains a subring J isomorphic to the ring of integers. The ring J2, as a subring of A2, is then an ^"-ring. But then for any prime p, the ring GF(p)2, as a homomorphic image of J2 (under a natural homomorphism) is an F-ring, a contradiction. Thus RxA, and hence every primitive J^-ring is a division ring.
Case II: R is a division ring. Suppose R is noncommutative and let K=>Z be a maximal subfield of R, where Z is the center of R. By a theorem of Nakayama and Azumaya [7, p. 108] , [15] R <g)z A" is a dense ring of linear transformations on R as a vector space over K. But R <8>z K is an ^"-ring since F is linear, and hence by Case I we have R ®z Kx K, and since R is embedded in R ®z K, R is commutative.
Therefore by Case II every division ^"-ring is commutative, and by Case I every primitive ^"-ring is a division ring and hence commutative.
Case III : R is a semisimple ring. R is a subdirect sum of primitive (and hence commutative) ^"-rings; thus R is commutative.
Case IV: R is any F-ring. Since every semisimple J^-ring is commutative and F is linear, (ii) of Theorem 1 applies.
Theorem 5. Suppose that F is finite. Then (i) and (ii) of Theorem 4 are equivalent.
Proof, (i) implies (ii) as in Theorem 4. Assume (ii) holds. The proof that every primitive #"-ring is a division ring is identical with Case I of the proof of Theorem 4. In Case II, since R satisfies a polynomial identity, R is finite-dimensional over Z [11] . The dimension is, in fact, a square, say [R : Z]=n2. Furthermore [R : K] = n, and R <g)z K, as a dense ring of linear transformations on R over K, is isomorphic to Kn. If Z is finite, then R, as a finite-dimensional vector space over a finite field, is a finite division ring and hence commutative by Wedderburn's Theorem. If Z is infinite, then it follows from a lemma of Amitsur [3] that R and R <g>z K satisfy precisely the same polynomial identities. But then KnxR ®z K is an ^"-ring. Unless n= 1, it follows, just as in Case I of the proof of Theorem 4, that GF(p)2 is an ^"-ring for some prime/?, contradicting (ii). Thus «= 1 and R is commutative. The semisimple case now follows as in Theorem 4, and the general case reduces to (i) of Theorem 1.
We conclude with several applications of Theorems 4 and 5. for all x, v in R, then C(R) is nil.
In [9] Herstein considered, in turn, rings satisfying the identities (xy)n = xnyn and (x+y)n=xn+yn for some fixed n> 1 and showed that in each case the commutator ideal is nil. One could attempt generalizations of these theorems in several ways ; for example, one could (a) let n depend on x and y or (b) assume the identity holds, not for all elements x and y, but only for certain elements (e.g., commutators). The preceding theorems do not seem to yield an answer for (a); however, (b) can be handled by Theorem 5. For that matter one could consider rings satisfying any identity (e.g., (xy)n=ynxn for commutators x and y) not satisfied by the ring of 2 x 2 matrices over the prime field with p elements (p any prime) and conclude that the commutator ideal is nil.
